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Cosmology with a stiff matter era
Pierre-Henri Chavanis
Laboratoire de Physique The´orique, Universite´ Paul Sabatier, 118 route de Narbonne 31062 Toulouse, France
We provide a simple analytical solution of the Friedmann equations for a universe made of stiff
matter, dust matter, and dark energy. A stiff matter era is present in the cosmological model of
Zel’dovich (1972) where the primordial universe is assumed to be made of a cold gas of baryons. It
also occurs in certain cosmological models where dark matter is made of relativistic self-gravitating
Bose-Einstein condensates (BECs). When the energy density of the stiff matter is positive, the
primordial universe is singular. It starts from a state with a vanishing scale factor and an infinite
density. We consider the possibility that the energy density of the stiff matter is negative (anti-stiff
matter). This happens, for example, when the BECs have an attractive self-interaction. In that
case, the primordial universe is non-singular. It starts from a state in which the scale factor is
finite and the energy density is equal to zero. For the sake of generality, we consider a cosmological
constant of arbitrary sign. When the cosmological constant is positive, the universe asymptotically
reaches a de Sitter phase where the scale factor increases exponentially rapidly. This can account
for the accelerating expansion of the universe that we observe at present. When the cosmological
constant is negative (anti-de Sitter), the evolution of the universe is cyclic. Therefore, depending
on the sign of the energy density of the stiff matter and of the dark energy, we obtain singular and
non-singular expanding or cyclic universes.
PACS numbers: 95.30.Sf, 95.35.+d, 98.80.-k
I. INTRODUCTION
In a seminal paper, Zel’dovich [1] introduced a cosmo-
logical model in which the very early universe is assumed
to be made of a cold gas of baryons with a stiff equa-
tion of state P = ǫ, where P is the pressure and ǫ is the
energy density. For a stiff matter fluid, the velocity of
sound cs =
√
P ′(ǫ)c is equal to the velocity of light [2].
In that case, the energy density decreases as ǫ ∝ 1/a6
where a(t) is the scale factor. This phase, if it has ever
existed, preceded the radiation era (P = ǫ/3, ǫ ∝ a−4),
the dust matter era (P = 0, ǫ ∝ a−3), and the dark
energy era (P = −ǫ, ǫ = ǫΛ). A stiff matter era also oc-
curs in certain cosmological models in which dark matter
is made of relativistic self-gravitating BECs [3]. In that
case, the energy density of the stiff matter can be pos-
itive or negative depending whether the self-interaction
of the bosons is repulsive or attractive.
We show that when radiation is neglected, the Fried-
mann equations for a universe made of stiff matter, dust
matter, and dark energy can be integrated analytically.
This provides a simple cosmological model exhibiting a
stiff matter era. We consider the general case where the
energy density of the stiff fluid is positive or negative.
The case of a stiff fluid with a positive energy density
is very similar to the standard model of cosmology in
the sense that the universe begins by a singularity at
t = 0 in which the scale factor is equal to zero while the
energy density is infinite. Initially, the scale factor in-
creases as a(t) ∝ t1/3 and the energy density decreases as
ǫ(t) ∝ t−2. Interestingly, the presence of a stiff fluid with
a negative energy density (anti-stiff fluid) prevents the
primordial singularity. In that case, we obtain a model
of universe in which the initial scale factor is finite and
the energy density is equal to zero. For the sake of gen-
erality, we consider a positive or a negative cosmological
constant. At late times, a dark fluid with a positive en-
ergy density leads to a de Sitter phase in which the scale
factor increases exponentially rapidly. This can account
for the present acceleration of the universe. By contrast,
when the dark fluid has a negative energy density (anti-
dark fluid) the evolution of the universe is cyclic.
The paper is organized as follows. In Sec. II, we con-
sider a perfect fluid at T = 0 described by a polytropic
equation of state of the form P = Kρ2 where ρ is rest-
mass density. We determine the relation between the
energy density ǫ and the rest-mass density ρ and obtain
an explicit equation of state P (ǫ) relating the pressure to
the energy density. At high energies, it reduces to a stiff
equation of state P ≃ ǫ for which the velocity of sound
is equal to the velocity of light. This equation of state
describes a cold gas of baryons in Zel’dovich model [1] or
a relativistic gas of BECs (in certain approximations) [3].
In Secs. III and IV, we apply this equation of state to
cosmology. This leads to a cosmological model exhibiting
a primordial stiff matter era, followed by a radiation era,
a dust matter era, and a dark energy era. In Secs. V-IX,
we provide simple analytical solutions of the Friedmann
equations for a universe comprising a stiff fluid. We con-
sider four cases: (i) a singular expanding universe with
K ≥ 0 and Λ ≥ 0; (ii) a non-singular expanding universe
with K ≤ 0 and Λ ≥ 0; (iii) a singular cyclic universe
with K ≥ 0 and Λ ≤ 0; (iv) a non-singular cyclic uni-
verse with K ≤ 0 and Λ ≤ 0.
II. A STIFF EQUATION OF STATE
In this section, we consider physical systems described
by a stiff equation of state.
2A. General results for a fluid at T = 0
The local form of the first law of thermodynamics can
be written as
d
(
ǫ
ρ
)
= −Pd
(
1
ρ
)
+ Td
(
s
ρ
)
, (1)
where ρ is the mass density and s is the entropy density
in the rest frame. For a system at T = 0, the first law of
thermodynamics reduces to
dǫ =
P + ǫ
ρ
dρ. (2)
For a given equation of state, Eq. (2) can be integrated to
obtain the relation between the energy density ǫ and the
rest-mass density ρ. For example, let us assume that the
equation of state is prescribed under the form P = P (ρ).
In that case, Eq. (2) reduces to the first order linear
differential equation
dǫ
dρ
− 1
ρ
ǫ =
P (ρ)
ρ
. (3)
Using the method of the variation of the constant, we
obtain
ǫ = Aρc2 + ρ
∫ ρ P (ρ′)
ρ′2
dρ′, (4)
where A is a constant of integration. For an equation of
state P (ρ) such that P ∼ ργ with γ > 1 when ρ→ 0, we
determine the constant A in Eq. (4) by requiring that
ǫ ∼ ρc2 when ρ→ 0. This gives
ǫ = ρc2 + ρ
∫ ρ
0
P (ρ′)
ρ′2
dρ′ = ρc2 + u(ρ). (5)
We note that u(ρ) may be interpreted as an internal en-
ergy [4].
B. Polytrope n = 1
We consider the equation of state
P = Kρ2, (6)
corresponding to a polytrope of index n = 1 [5]. In that
case, Eq. (5) reduces to
ǫ = ρc2 + P = ρc2 +Kρ2. (7)
This equation can be reversed to give
ρ =
c2
2K
(√
1 +
4Kǫ
c4
− 1
)
. (8)
Combining Eqs. (6) and (8), we obtain the relation be-
tween the pressure and the energy density
P =
c4
4K
(√
1 +
4Kǫ
c4
− 1
)2
. (9)
For ǫ→ 0 (non-relativistic limit), we get
ǫ ∼ ρc2, P ∼ K
c4
ǫ2, P = Kρ2. (10)
This is a polytropic equation of state P = K(ǫ/c2)2 of
index n = 1. For ǫ → +∞ (ultra-relativistic limit), we
get
ǫ ∼ Kρ2, P ∼ ǫ, P = Kρ2. (11)
This is a linear equation of state P = ǫ that is called
“stiff” because the velocity of sound is equal to the ve-
locity of light (cs = c).
For the equation of state (9), the velocity of sound is
given by
c2s
c2
= P ′(ǫ) = 1− 1√
1 + 4Kǫ/c4
. (12)
We always have cs < c. For ǫ→ +∞, cs → c.
C. Gas of baryons interacting through a vector
meson field
Zel’dovich [1, 2] introduced a cosmological model in
which the primordial universe is made of a gas of baryons
interacting through a vector meson field and showed that
the equation of state of this system is of the form of Eq.
(6) with a polytropic constant
K =
g2h2
2πm2mm
2
bc
2
, (13)
where g is the baryon charge, mm is the meson mass,
and mb is the baryon mass. Zel’dovich [2] introduced
this equation of state as an example to show how the
speed of sound could approach the speed of light at very
high pressures and densities.
Zel’dovich [1, 2] also mentions that the complete equa-
tion of state of his model is of the form
P = Kρ2 +K ′ρ4/3, (14)
where K is given by Eq. (13) and the second term ac-
counts for quantum (Fermi) corrections. For the equa-
tion of state (14), we find from Eq. (5) that the relation
between the energy density and the rest-mass density is
ǫ = ρc2 +Kρ2 + 3K ′ρ4/3. (15)
3D. Relativistic self-gravitating BECs
Some authors have proposed that dark matter may be
made of self-gravitating BECs with short-range interac-
tions [6–22]. In the TF approximation, a BEC is equiv-
alent to a fluid with an equation of state of the form of
Eq. (6) with a polytropic constant
K =
2π~2as
m3
, (16)
where m is the mass of the bosons and as is their scat-
tering length. This equation of state can be derived
from the classical Gross-Pitaevskii equation [23, 24] af-
ter writing it under the form of fluid equation by using
the Madelung transformation [25]. It is therefore a non-
relativistic equation of state that, in principle, is not valid
in the relativistic regime. Nevertheless, we can consider
a partially-relativistic model in which we use the classical
equation of state (6) with the relativistic relation (7) be-
tween the energy density and the rest-mass density. This
approximation has been considered in [3].
A feature of BECs is that the scattering length as can
be positive or negative [26]. Positive values of as corre-
spond to repulsive interactions and negative values of as
correspond to attractive interactions. When as is posi-
tive, the pressure is positive and when as is negative the
pressure is negative. We shall consider the two possibili-
ties in the following.
III. COSMOLOGY WITH A STIFF FLUID
In this section, we derive the main equations governing
the evolution of a universe described by a stiff equation
of state of the form of Eq. (9).
A. The Friedmann equations
We assume that the universe is homogeneous and
isotropic, and contains a uniform perfect fluid of energy
density ǫ(t) and isotropic pressure P (t). The radius of
curvature of the 3-dimensional space, or scale factor, is
noted a(t) and the curvature of space is noted k. The
universe is closed if k > 0, flat if k = 0, and open if
k < 0. We assume that the universe is flat (k = 0) in
agreement with the observations of the cosmic microwave
background (CMB) [27]. In that case, the Einstein equa-
tions can be written as [28]:
dǫ
dt
+ 3
a˙
a
(ǫ+ P ) = 0, (17)
a¨
a
= −4πG
3c2
(ǫ+ 3P ) +
Λ
3
, (18)
H2 =
(
a˙
a
)2
=
8πG
3c2
ǫ+
Λ
3
, (19)
where we have introduced the Hubble parameter H =
a˙/a and accounted for a possible non-zero cosmological
constant Λ. The cosmological constant is equivalent to a
dark energy fluid with a constant density
ǫΛ = ρΛc
2 =
Λc2
8πG
, (20)
and an equation of state P = −ǫ. Eqs. (17)-(19) are
the well-known Friedmann equations describing a non-
static universe. Among these three equations, only two
are independent. The first equation can be viewed as an
equation of continuity. For a given barotropic equation
of state P = P (ǫ), it determines the relation between
the energy density ǫ and the scale factor a. Then, the
evolution of the scale factor a(t) is given by Eq. (19).
B. General results for a fluid at T = 0
We assume that the universe is made of a fluid at T = 0
with an equation of state P (ρ). In that case, the relation
between the energy density ǫ and the rest-mass density ρ
is given by the first law of relativistic thermodynamics,
Eq. (2). Combining this relation with the continuity
equation (17), we get
dρ
dt
+ 3
a˙
a
ρ = 0. (21)
We note that this equation is exact for a fluid at T = 0
and that it does not depend on the explicit form of the
equation of state P (ρ). It can be integrated into
ρ = ρ0
(a0
a
)3
, (22)
where ρ0 is the present value of the rest-mass density and
a0 is the present value of the scale factor.
C. Polytrope n = 1
We now consider the equation of state (6). As we have
seen, this equation of state appears in the cosmologi-
cal model of Zel’dovich [1] in which the early universe
is made of a cold gas of baryons. This equation of state
also appears in certain cosmological models in which dark
matter is made of relativistic BECs [3]. For the equation
of state (6), Eq. (5) can be integrated easily and the
relation between the energy density and the rest-mass
density is given by Eq. (7). Combining Eqs. (7) and
(22), we get
ǫ = ρ0c
2
(a0
a
)3
+Kρ20
(a0
a
)6
. (23)
This relation can also be obtained by solving the conti-
nuity equation (17) with the equation of state (9), see
Appendix D of [3].
4In the early universe (a→ 0), we have
ǫ ∼ Kρ20
(a0
a
)6
, ǫ ∼ Kρ2, P ∼ ǫ. (24)
These equations describe a stiff fluid (P = ǫ) for which
the velocity of sound is equal to the velocity of light.
In the late universe (a→ +∞), we have
ǫ ∼ ρ0c2
(a0
a
)3
, ǫ ∼ ρc2, P ∼ K
c4
ǫ2. (25)
These equations describe a fluid with a polytropic equa-
tion of state of index n = 1 (P = Kǫ2/c4). For very
large values of the scale factor, we recover the results of
the CDM model (P = 0) since ǫ ∝ a−3.
When combined with the Friedmann equation (19),
Eq. (23) describes a model of universe exhibiting a stiff
matter phase (ǫ ∝ a−6), a dust matter phase (ǫ ∝ a−3),
and a dark energy phase (ǫ ∼ ρΛc2).
D. A more general equation of state
If we consider the more general equation of state (14)
suggested by Zel’dovich [1, 2], the relation between the
energy density and the rest-mass density is given by Eq.
(15). Using Eq. (22), we get
ǫ = ρ0c
2
(a0
a
)3
+Kρ20
(a0
a
)6
+ 3K ′ρ
4/3
0
(a0
a
)4
. (26)
When combined with the Friedmann equation (19), Eq.
(26) describes a model of universe exhibiting a stiff mat-
ter phase (ǫ ∝ a−6), a radiation phase (ǫ ∝ a−4), a
dust matter phase (ǫ ∝ a−3), and a dark energy phase
(ǫ ∼ ρΛc2).
IV. THE FRIEDMANN EQUATIONS FOR A
UNIVERSE PRESENTING A STIFF MATTER
ERA
In this section, we assume that the universe is made of
one or several fluids each of them described by a linear
equation of state P = αǫ. The equation of continuity (17)
implies that the energy density is related to the scale fac-
tor by ǫ = ǫ0(a0/a)
3(1+α), where the subscript 0 denotes
present-day values of the quantities. A linear equation
of state can describe dust matter (α = 0, ǫm ∝ a−3),
radiation (α = 1/3, ǫrad ∝ a−4), stiff matter (α = 1,
ǫs ∝ a−6), vacuum energy (α = −1, ǫ = ǫP ), and dark
energy (α = −1, ǫ = ǫΛ).
More specifically, we consider a universe made of stiff
matter, radiation, dust matter and dark energy treated
as non-interacting species. Summing the contribution of
each species, the total energy density can be written as
ǫ =
ǫs,0
(a/a0)6
+
ǫrad,0
(a/a0)4
+
ǫm,0
(a/a0)3
+ ǫΛ. (27)
In this model, the stiff matter dominates in the early uni-
verse. This is followed by the radiation era, by the dust
matter era and, finally, by the dark energy era. Writing
ǫα,0 = Ωα,0ǫ0 for each species, we get
ǫ
ǫ0
=
Ωs,0
(a/a0)6
+
Ωrad,0
(a/a0)4
+
Ωm,0
(a/a0)3
+ΩΛ,0. (28)
The last term in Eq. (28), corresponding to the dark
energy, is equivalent to the cosmological constant in Eq.
(19). For the sake of generality, we consider the case of a
positive (ΩΛ,0 ≥ 0) or negative (ΩΛ,0 ≤ 0) cosmological
constant Λ. When the radiation term is neglected, Eq.
(28) is equivalent to Eq. (23) obtained from the equation
of state (6) and (13) proposed by Zel’dovich [1, 2] or
from the equation of state (6) and (16) corresponding
to a relativistic BEC [3]. On the other hand, Eq. (28)
with the radiation term included is equivalent to Eq. (26)
obtained from the more general equation of state (14) and
(13) suggested by Zel’dovich [1, 2]. Comparing Eqs. (23)
and (28), we see that a positive value of K corresponds
to a positive energy density of the stiff matter while a
negative value of K corresponds to a negative energy
density of the stiff matter. We shall therefore consider
the two possibilities Ωs,0 ≥ 0 and Ωs,0 ≤ 0. However, we
take Ωm,0 ≥ 0 and Ωrad,0 ≥ 0.
Using Eq. (28), the Friedmann equation (19) takes the
form
H
H0
=
√
Ωs,0
(a/a0)6
+
Ωrad,0
(a/a0)4
+
Ωm,0
(a/a0)3
+ΩΛ,0 (29)
with Ωs,0 + Ωrad,0 + Ωm,0 + ΩΛ,0 = 1 and H0 =
(8πGǫ0/3c
2)1/2. We note the relation
ǫ
ǫ0
=
(
H
H0
)2
. (30)
The evolution of the scale factor is given by
∫ a/a0
ai/a0
dx
x
√
Ωs,0
x6 +
Ωrad,0
x4 +
Ωm,0
x3 +ΩΛ,0
= H0t, (31)
where ai is the initial value of the scale factor determined
below.
In Secs. V-VIII, we ignore radiation (Ωrad,0 = 0) and
consider a universe made of stiff matter, dust matter, and
dark energy. In that case, the Friedmann equation (31)
reduces to
∫ a/a0
ai/a0
dx
x
√
Ωs,0
x6 +
Ωm,0
x3 +ΩΛ,0
= H0t, (32)
which can be integrated analytically. In Secs. IX, we
provide some particular analytical solutions of Eq. (31)
in the case where the radiation is taken into account.
5V. THE CASE Ωs,0 ≥ 0 AND ΩΛ,0 ≥ 0
We first consider the case of a positive stiff energy
density (Ωs,0 ≥ 0) and a positive cosmological constant
(ΩΛ,0 ≥ 0). The total energy density is
ǫ
ǫ0
=
Ωs,0
(a/a0)6
+
Ωm,0
(a/a0)3
+ΩΛ,0. (33)
The energy density starts from ǫ = +∞ at a = ai = 0,
decreases, and tends to ǫΛ for a→ +∞. The relation be-
tween the energy density and the scale factor is shown in
Fig. 1. The proportions of stiff matter, dust matter and
dark energy as a function of the scale factor are shown
in Fig. 2.
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FIG. 1: Energy density as a function of the scale factor. We
have taken Ωm,0 = 0.237, ΩΛ,0 = 0.763, and Ωs,0 = 10
−3
(here and in the following figures, we have chosen a relatively
large value of the density of stiff matter Ωs,0 for a better
illustration of the results).
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FIG. 2: Evolution of the proportion Ωα = ǫα/ǫ of the different
components of the universe with the scale factor.
A. Stiff matter, dust matter, and dark energy
We consider a universe made of stiff matter, dust mat-
ter, and dark energy. Using the identity∫
dx
x
√
a
x3 +
b
x6 + c
=
1
3
√
c
ln
[
a+ 2cx3 + 2
√
c
√
b+ ax3 + cx6
]
, (34)
Eq. (32) can be solved analytically to give
a
a0
=
[(
Ωm,0
ΩΛ,0
+ 2
√
Ωs,0
ΩΛ,0
)
sinh2
(
3
2
√
ΩΛ,0H0t
)
+
√
Ωs,0
ΩΛ,0
(
1− e−3
√
ΩΛ,0H0t
)]1/3
. (35)
From Eq. (35), we can compute H = a˙/a leading to
(
a
a0
)3
H
H0
=
(
Ωm,0
2
√
ΩΛ,0
+
√
Ωs,0
)
sinh
(
3
√
ΩΛ,0H0t
)
+
√
Ωs,0e
−3
√
ΩΛ,0H0t. (36)
The energy density ǫ/ǫ0 is given by Eq. (30) whereH/H0
can be obtained from Eq. (36) with Eq. (35).
0 0.5 1 1.5 2
H0t
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FIG. 3: Evolution of the scale factor as a function of time.
At t = 0 the universe starts from a singular state at
which the scale factor a = 0 while the energy density ǫ =
+∞. The scale factor increases with time. For t→ +∞,
we obtain
a
a0
∼
(
Ωm,0
ΩΛ,0
+ 2
√
Ωs,0
ΩΛ,0
)1/3
1
22/3
e
√
ΩΛ,0H0t. (37)
The energy density decreases with time and tends to ǫΛ
for t → +∞. The expansion is decelerating during the
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FIG. 4: Evolution of the energy density as a function of time.
stiff matter era and the dust matter era while it is accel-
erating during the dark energy era. The temporal evo-
lutions of the scale factor and of the energy density are
shown in Figs. 3 and 4.
B. Stiff matter and dust matter
We consider a universe made of stiff matter and dust
matter. In the absence of dark energy (ΩΛ,0 = 0), using
the identity ∫
dx
x
√
a
x3 +
b
x6
=
2
3a
√
b+ ax3, (38)
we obtain
a
a0
=
(
9
4
Ωm,0H
2
0 t
2 + 3
√
Ωs,0H0t
)1/3
, (39)
ǫ
ǫ0
=
4
9H20 t
2

1 +
2
√
Ωs,0
3Ωm,0H0t
1 +
4
√
Ωs,0
3Ωm,0H0t


2
. (40)
C. Stiff matter and dark energy
We consider a universe made of stiff matter and dark
energy. In the absence of matter (Ωm,0 = 0), using the
identity∫
dx
x
√
b
x6 + c
=
1
3
√
c
ln
[
2cx3 + 2
√
c
√
b+ cx6
]
, (41)
or setting X = b/cx6 and using the identity∫
dX
X
√
X + 1
= ln
(√
1 +X − 1√
1 +X + 1
)
, (42)
we get
a
a0
=
(
Ωs,0
ΩΛ,0
)1/6
sinh1/3
(
3
√
ΩΛ,0H0t
)
, (43)
ǫ
ǫ0
=
ΩΛ,0
tanh2
(
3
√
ΩΛ,0H0t
) . (44)
D. Stiff matter
We consider a universe made of stiff matter. In the
absence of dust matter and dark energy (Ωm,0 = ΩΛ,0 =
0), we find that
a
a0
=
(
3
√
Ωs,0H0t
)1/3
,
ǫ
ǫ0
=
1
9H20 t
2
. (45)
E. Dust matter and dark energy
We consider a universe made of dust matter and dark
energy. In the absence of stiff matter (Ωs,0 = 0), using
the identity∫
dx
x
√
a
x3 + c
=
1
3
√
c
ln
[
a+ 2cx3 + 2
√
c
√
ax3 + cx6
]
,
(46)
or setting X = a/cx3 and using identity (42), we obtain
a
a0
=
(
Ωm,0
ΩΛ,0
)1/3
sinh2/3
(
3
2
√
ΩΛ,0H0t
)
, (47)
ǫ
ǫ0
=
ΩΛ,0
tanh2
(
3
2
√
ΩΛ,0H0t
) . (48)
This corresponds to the ΛCDM model.
F. Dark energy
We consider a universe made of dark energy. In the
absence of stiff matter and dust matter (Ωs,0 = Ωm,0 =
0), we obtain
a(t) = a(0)e
√
Λ
3 t, ǫ = ǫΛ. (49)
This is de Sitter’s solution.
G. Dust matter
We consider a universe made of dust matter. In the
absence of stiff matter and dark energy (Ωs,0 = ΩΛ,0 =
0), we obtain
a
a0
=
(
9
4
Ωm,0H
2
0 t
2
)1/3
,
ǫ
ǫ0
=
4
9H20 t
2
. (50)
This is the Einstein-de Sitter (EdS) solution.
7VI. THE CASE Ωs,0 ≤ 0 AND ΩΛ,0 ≥ 0
We consider the case of a negative stiff energy density
(Ωs,0 ≤ 0) and a positive cosmological constant (ΩΛ,0 ≥
0). The total energy density is
ǫ
ǫ0
= − |Ωs,0|
(a/a0)6
+
Ωm,0
(a/a0)3
+ΩΛ,0. (51)
The energy density is positive for a ≥ ai with
ai
a0
=
(
−Ωm,0 +
√
∆
2ΩΛ,0
)1/3
, (52)
where we have defined
∆ = Ω2m,0 + 4ΩΛ,0|Ωs,0|. (53)
The energy density starts from ǫ = 0 at a = ai, increases,
reaches a maximum at
a∗
a0
=
(
2|Ωs,0|
Ωm,0
)1/3
,
ǫ∗
ǫ0
=
∆
4|Ωs,0| , (54)
decreases, and tends to ǫΛ for a→ +∞. The relation be-
tween the energy density and the scale factor is shown in
Fig. 5. The proportions of stiff matter, dust matter and
dark energy as a function of the scale factor are shown
in Fig. 6.
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FIG. 5: Energy density as a function of the scale factor. We
have taken Ωm,0 = 0.237, ΩΛ,0 = 0.763, and Ωs,0 = −10
−3.
A. Anti-stiff matter, dust matter, and dark energy
We consider a universe made of anti-stiff matter, dust
matter, and dark energy. Using the identity (34), Eq.
(32) with ai given by Eq. (52) can be solved analytically
to give
a
a0
=
[ √
∆
2ΩΛ,0
cosh
(
3
√
ΩΛ,0H0t
)
− Ωm,0
2ΩΛ,0
]1/3
. (55)
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FIG. 6: Evolution of the proportion Ωα = ǫα/ǫ of the different
components of the universe with the scale factor.
From Eq. (55), we can compute H = a˙/a leading to(
a
a0
)3
H
H0
=
√
∆
2
√
ΩΛ,0
sinh
(
3
√
ΩΛ,0H0t
)
. (56)
The energy density ǫ/ǫ0 is given by Eq. (30) whereH/H0
can be obtained from Eq. (56) with Eq. (55).
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FIG. 7: Evolution of the scale factor as a function of time.
At t = 0 the universe starts from a non-singular state
at which the scale factor a = ai and the energy density
ǫ = 0. The scale factor increases with time. For t→ +∞,
we obtain
a
a0
∼
[(
Ωm,0
ΩΛ,0
)2
+ 4
|Ωs,0|
ΩΛ,0
]1/6
1
22/3
e
√
ΩΛ,0H0t. (57)
The energy density increases, reaches its maximum value
ǫ∗ at t = t∗ where
t∗ =
1
3
√
ΩΛ,0H0
ln
(√
∆+
√
4ΩΛ,0|Ωs,0|
Ωm,0
)
, (58)
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FIG. 8: Evolution of the energy density as a function of time.
decreases and tends to ǫΛ for t → +∞. The universe is
accelerating during the anti-stiff matter era, decelerating
during the dust matter era, and accelerating during the
dark matter era. The temporal evolutions of the scale
factor and of the energy density are shown in Figs. 7
and 8.
B. Anti-stiff matter and dust matter
We consider a universe made of anti-stiff matter and
dust matter. In the absence of dark energy (ΩΛ,0 = 0),
using the identity (38), we obtain
a
a0
=
(
9
4
Ωm,0H
2
0 t
2 +
|Ωs,0|
Ωm,0
)1/3
, (59)
ǫ
ǫ0
=
4
9H20 t
2
1(
1 +
4|Ωs,0|
9Ω2m,0H
2
0 t
2
)2 . (60)
At t = 0 the universe starts from a non-singular state at
which the scale factor a = ai with
ai
a0
=
( |Ωs,0|
Ωm,0
)1/3
, (61)
and the energy density ǫ = 0. The scale factor increases
with time. The energy density increases, reaches its max-
imum value
a∗
a0
=
(
2|Ωs,0|
Ωm,0
)1/3
,
ǫ∗
ǫ0
=
Ω2m,0
4|Ωs,0| , (62)
at
t∗ =
2
√|Ωs,0|
3Ωm,0H0
, (63)
and decreases.
C. Anti-stiff matter and dark energy
We consider a universe made of anti-stiff matter and
dark energy. In the absence of matter (Ωm,0 = 0), using
the identities (41) and (42), we obtain
a
a0
=
( |Ωs,0|
ΩΛ,0
)1/6
cosh1/3
(
3
√
ΩΛ,0H0t
)
, (64)
ǫ
ǫ0
= ΩΛ,0tanh
2
(
3
√
ΩΛ,0H0t
)
. (65)
At t = 0 the universe starts from a non-singular state at
which the scale factor a = ai with
ai
a0
=
( |Ωs,0|
ΩΛ,0
)1/6
, (66)
and the energy density ǫ = 0. The scale factor increases
with time. The energy density increases with time and
tends to ǫΛ for t→ +∞.
VII. THE CASE Ωs,0 ≥ 0 AND ΩΛ,0 ≤ 0
We consider the case of a positive stiff energy density
(Ωs,0 ≥ 0) and a negative cosmological constant (ΩΛ,0 ≤
0). The total energy density is
ǫ
ǫ0
=
Ωs,0
(a/a0)6
+
Ωm,0
(a/a0)3
− |ΩΛ,0|. (67)
The energy density is positive for a ≤ af with
af
a0
=
(
Ωm,0 +
√
∆
2|ΩΛ,0|
)1/3
, (68)
where we have defined
∆ = Ω2m,0 + 4|ΩΛ,0|Ωs,0. (69)
The energy density starts from ǫ = +∞ at a = 0,
decreases, and reaches ǫ = 0 at a = af . The relation be-
tween the energy density and the scale factor is shown in
Fig. 9. The proportions of stiff matter, dust matter and
dark energy as a function of the scale factor are shown
in Fig. 10.
A. Stiff matter, dust matter, and anti-dark energy
We consider a universe made of stiff matter, dust mat-
ter, and anti-dark energy. From Eqs. (35) and (36) with
ΩΛ,0 < 0 we get
a
a0
=
[
Ωm,0
|ΩΛ,0| sin
2
(
3
2
√
|ΩΛ,0|H0t
)
+
√
Ωs,0
|ΩΛ,0| sin
(
3
√
|ΩΛ,0|H0t
)]1/3
, (70)
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FIG. 9: Energy density as a function of the scale factor. We
have taken Ωm,0 = 0.237, ΩΛ,0 = −0.763, and Ωs,0 = 10
−3.
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FIG. 10: Evolution of the proportion Ωα = ǫα/ǫ of the differ-
ent components of the universe with the scale factor.
and (
a
a0
)3
H
H0
=
Ωm,0
2
√|ΩΛ,0| sin
(
3
√
|ΩΛ,0|H0t
)
+
√
Ωs,0 cos
(
3
√
|ΩΛ,0|H0t
)
. (71)
The energy density is given by Eq. (30) where H/H0 can
be obtained from Eq. (71) with Eq. (70).
At t = 0 the universe starts from a singularity at which
the scale factor a = 0 and the energy density ǫ = +∞.
Between t = 0 and t = t1 where
t1 =
π − tan−1(2√Ωs,0|ΩΛ,0|/Ωm,0)
3
√|ΩΛ,0|H0 , (72)
the energy density decreases from ǫ = +∞ to ǫ = 0 and
the scale factor increases from a = 0 to a = af . Between
t = t1 and t = t2 = 2t1 the energy density increases from
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FIG. 11: Evolution of the scale factor as a function of time.
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FIG. 12: Evolution of the energy density as a function of time.
ǫ = 0 to ǫ = +∞ and the scale factor decreases from
a = af to a = 0. This process continues periodically
with a period t2. The temporal evolutions of the scale
factor and of the energy density are shown in Figs. 11
and 12.
B. Stiff matter and anti-dark energy
We consider a universe made of stiff matter and anti-
dark energy. In the absence of matter (Ωm,0 = 0), we
get
a
a0
=
(
Ωs,0
|ΩΛ,0|
)1/6
sin1/3
(
3
√
|ΩΛ,0|H0t
)
, (73)
ǫ
ǫ0
=
|ΩΛ,0|
tan2
(
3
√|ΩΛ,0|H0t) . (74)
At t = 0 the universe starts from a singularity at which
the scale factor a = 0 and the energy density ǫ = +∞.
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Between t = 0 and t = t1 where
t1 =
π
6
√|ΩΛ,0|H0 , (75)
the energy density decreases from ǫ = +∞ to ǫ = 0 and
the scale factor increases from a = 0 to a = af where
af
a0
=
(
Ωs,0
|ΩΛ,0|
)1/6
. (76)
Between t = t1 and t = t2 = 2t1 the energy density
increases from ǫ = 0 to ǫ = +∞ and the scale factor
decreases from a = af to a = 0. This process continues
periodically with a period t2.
C. Dust matter and anti-dark energy
We consider a universe made of dust matter and anti-
dark energy. In the absence of stiff matter (Ωs,0 = 0), we
obtain
a
a0
=
(
Ωm,0
|ΩΛ,0|
)1/3
sin2/3
(
3
2
√
|ΩΛ,0|H0t
)
, (77)
ǫ
ǫ0
=
|ΩΛ,0|
tan2
(
3
2
√|ΩΛ,0|H0t) . (78)
At t = 0 the universe starts from a singularity at which
the scale factor a = 0 and the energy density ǫ = +∞.
Between t = 0 and t = t1 where
t1 =
π
3
√|ΩΛ,0|H0 , (79)
the energy density decreases from ǫ = +∞ to ǫ = 0 and
the scale factor increases from a = 0 to a = af where
af
a0
=
(
Ωm,0
|ΩΛ,0|
)1/3
. (80)
Between t = t1 and t = t2 = 2t1 the energy density
increases from ǫ = 0 to ǫ = +∞ and the scale factor
decreases from a = af to a = 0. This process continues
periodically with a period t2. This solution corresponds
to the anti-ΛCDM model.
VIII. THE CASE Ωs,0 ≤ 0 AND ΩΛ,0 ≤ 0
We consider the case of a negative stiff energy density
(Ωs,0 ≤ 0) and a negative cosmological constant (ΩΛ,0 ≤
0). The total energy density is
ǫ
ǫ0
= − |Ωs,0|
(a/a0)6
+
Ωm,0
(a/a0)3
− |ΩΛ,0|. (81)
If |Ωs,0| > Ω2m,0/(4|ΩΛ,0|) the energy density is always
negative so this situation is not possible. Therefore, we
assume |Ωs,0| ≤ Ω2m,0/(4|ΩΛ,0|). In that case, the energy
density is positive for ai ≤ a ≤ af with
ai
a0
=
(
Ωm,0 −
√
∆
2|ΩΛ,0|
)1/3
, (82)
and
af
a0
=
(
Ωm,0 +
√
∆
2|ΩΛ,0|
)1/3
, (83)
where we have defined
∆ = Ω2m,0 − 4|ΩΛ,0||Ωs,0|. (84)
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FIG. 13: Energy density as a function of the scale factor. We
have taken Ωm,0 = 0.237, ΩΛ,0 = −0.763, and Ωs,0 = −10
−3.
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FIG. 14: Evolution of the proportion Ωα = ǫα/ǫ of the differ-
ent components of the universe with the scale factor.
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The energy density starts from ǫ = 0 at a = ai, in-
creases, reaches a maximum at
a∗
a0
=
(
2|Ωs,0|
Ωm,0
)1/3
,
ǫ∗
ǫ0
=
∆
4|Ωs,0| , (85)
decreases, and reaches ǫ = 0 at a = af . The relation be-
tween the energy density and the scale factor is shown in
Fig. 13. The proportions of stiff matter, dust matter and
dark energy as a function of the scale factor are shown
in Fig. 14.
A. Anti-stiff matter, dust matter, and anti-dark
energy
We consider a universe made of anti-stiff matter, dust
matter, and anti-dark energy. From Eqs. (55) and (56)
with ΩΛ,0 < 0, we get
a
a0
=
[
Ωm,0
2|ΩΛ,0| −
√
∆
2|ΩΛ,0| cos
(
3
√
|ΩΛ,0|H0t
)]1/3
, (86)
and (
a
a0
)3
H
H0
=
√
∆
2
√|ΩΛ,0| sin
(
3
√
|ΩΛ,0|H0t
)
. (87)
The energy density is given by Eq. (30) where H/H0 can
be obtained from Eq. (87) with Eq. (86).
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FIG. 15: Evolution of the scale factor as a function of time.
At t = 0 the universe starts from a non-singular state
at which the scale factor a = ai and the energy density
ǫ = 0. Between t = 0 and t = t∗ where
t∗ =
cos−1(
√
∆/Ωm,0)
3
√|ΩΛ,0|H0 , (88)
the energy density increases from ǫ = 0 to its maximum
value ǫ = ǫ∗ and the scale factor increases from a = ai to
0 1 2 3 4 5
H0t
0
5
10
15
ε/
ε 0
t
*
, ε
∗ t’*, ε∗
t1 t2
FIG. 16: Evolution of the energy density as a function of time.
a = a∗. Between t = t∗ and t = t1 where
t1 =
π
3
√|ΩΛ,0|H0 , (89)
the energy density decreases from ǫ = ǫ∗ to ǫ = 0 and the
scale factor increases from a = a∗ to a = af . Between
t = t1 and t
′
∗ where
t′∗ =
2π − cos−1(√∆/Ωm,0)
3
√|ΩΛ,0|H0 , (90)
the energy density increases from ǫ = 0 to ǫ = ǫ∗ and the
scale factor decreases from a = af to a = a∗. Between
t′∗ and t2 = 2t1 the energy density decreases from ǫ = ǫ∗
to ǫ = 0 and the scale factor decreases from a = a∗ to
a = ai. This process continues periodically with a period
t2. The temporal evolutions of the scale factor and of the
energy density are shown in Figs. 15 and 16.
IX. SOME ANALYTICAL SOLUTIONS
INCLUDING THE RADIATION ERA
We now come back to the general equation (31) in-
cluding the contribution of radiation and provide some
particular analytical solutions.
A. Stiff matter and radiation
We consider a universe made of stiff matter and radi-
ation. The total energy is
ǫ
ǫ0
=
Ωs,0
(a/a0)6
+
Ωrad,0
(a/a0)4
. (91)
The energy density starts from ǫ = +∞ at a = ai = 0
and decreases when a increases. In the absence of dust
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matter and dark energy (Ωm,0 = ΩΛ,0 = 0) the integral
in Eq. (31) can be performed analytically giving
2
√
Ωrad,0
a
a0
√
Ωs,0 +Ωrad,0
(
a
a0
)2
− 2Ωs,0
× ln

Ωrad,0 a
a0
+
√
Ωrad,0
√
Ωs,0 +Ωrad,0
(
a
a0
)2
+Ωs,0 ln(Ωs,0Ωrad,0) = 4(Ωrad,0)
3/2H0t.
(92)
At t = 0 the universe starts from a singular state at
which the scale factor a = 0 while the energy density
ǫ→ +∞. The scale factor increases with time while the
energy density decreases with time.
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FIG. 17: Evolution of the scale factor and of the energy den-
sity as a function of time. We have taken Ωs,0 = 10
−6 and
Ωrad,0 = 8.48 10
−5 (here and in the following figure, we have
chosen a relatively large value of the density of stiff matter
Ωs,0 for a better illustration of the results).
The temporal evolutions of the scale factor and of the
energy density are shown in Fig. 17.
B. Anti-stiff matter and radiation
We consider a universe made of anti-stiff matter and
radiation. The total energy is
ǫ
ǫ0
= − |Ωs,0|
(a/a0)6
+
Ωrad,0
(a/a0)4
. (93)
The energy density is positive for a ≥ ai with
ai
a0
=
( |Ωs,0|
Ωrad,0
)1/2
. (94)
The energy density starts from ǫ = 0 at a = ai, increases,
reaches a maximum at
a∗
a0
=
(
3|Ωs,0|
2Ωrad,0
)1/2
,
ǫ∗
ǫ0
=
4Ω3rad,0
27|Ωs,0|2 , (95)
and decreases. In the absence of dust matter and dark
energy (Ωm,0 = ΩΛ,0 = 0) the integral in Eq. (31) can
be performed analytically giving
2
√
Ωrad,0
a
a0
√
−|Ωs,0|+Ωrad,0
(
a
a0
)2
+ 2|Ωs,0|
× ln

Ωrad,0 a
a0
+
√
Ωrad,0
√
−|Ωs,0|+Ωrad,0
(
a
a0
)2
−|Ωs,0| ln(|Ωs,0|Ωrad,0) = 4(Ωrad,0)3/2H0t.
(96)
At t = 0 the universe starts from a non-singular state
at which the scale factor a = ai and the energy density
ǫ = 0. The scale factor increases with time. The energy
density starts from ǫ = 0, increases, reaches its maximum
value ǫ∗ at t = t∗ where
t∗ =
|Ωs,0|
4Ω
3/2
rad,0H0
[√
3 + 2 ln(
√
3 + 1)− ln 2
]
, (97)
and decreases.
0 1 2 3 4 5
H0 t
0
0.1
0.2
a/
a 0
ε/
ε 0
a/a0
ε/ε0
ai
ε
∗
FIG. 18: Evolution of the scale factor and of the energy den-
sity as a function of time. We have taken Ωs,0 = −10
−6 and
Ωrad,0 = 8.48 10
−5.
The temporal evolutions of the scale factor and of the
energy density are shown in Fig. 18.
C. Radiation
We consider a universe made of radiation. In the
absence of stiff matter, dust matter, and dark energy
(Ωs,0 = Ωm,0 = ΩΛ,0 = 0) we get
a
a0
= Ω
1/4
rad,0
√
2H0t,
ǫ
ǫ0
=
1
(2H0t)2
. (98)
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D. Radiation and dust matter
We consider a universe made radiation and dust mat-
ter. The total energy is
ǫ
ǫ0
=
Ωrad,0
(a/a0)4
+
Ωm,0
(a/a0)3
. (99)
The energy density starts from ǫ = +∞ at a = ai = 0 and
decreases as a increases. In the absence of stiff matter
and dark energy (Ωs,0 = ΩΛ,0 = 0) the integral in Eq.
(31) can be performed analytically leading to
H0t = −2
3
1
(Ωm,0)1/2
(
2Ωrad,0
Ωm,0
− a
a0
)√
Ωrad,0
Ωm,0
+
a
a0
+
4
3
(Ωrad,0)
3/2
(Ωm,0)2
. (100)
Eq. (100) can also be written as
(
a
a0
)3
− 3Ωrad,0
Ωm,0
(
a
a0
)2
=
9
4
Ωm,0H
2
0 t
2 − 6Ω
3/2
rad,0
Ωm,0
H0t.
(101)
This is a cubic equation for a/a0. At t = 0 the universe
starts from a singular state at which the scale factor a =
0 while the energy density ǫ → +∞. The scale factor
increases with time while the energy density decreases
with time.
E. Radiation and dark energy
We consider a universe made of radiation and dark
energy. The total energy is
ǫ
ǫ0
=
Ωrad,0
(a/a0)4
+ΩΛ,0. (102)
The energy density starts from ǫ = +∞ at a = ai = 0
and tends to ǫΛ when a → +∞. In the absence of stiff
matter and dust matter (Ωs,0 = Ωm,0 = 0), we get
a
a0
=
(
Ωrad,0
ΩΛ,0
)1/4
sinh1/2
(
2
√
ΩΛ,0H0t
)
, (103)
ǫ
ǫ0
=
ΩΛ,0
tanh2
(
2
√
ΩΛ,0H0t
) . (104)
At t = 0 the universe starts from a singular state at
which the scale factor a = 0 while the energy density
ǫ = +∞. The scale factor increases with time while the
energy density decreases with time and tends to ǫΛ for
t→ +∞.
F. Radiation and anti-dark energy
We consider a universe made of radiation and anti-dark
energy. The total energy is
ǫ
ǫ0
=
Ωrad,0
(a/a0)4
− |ΩΛ,0|. (105)
The energy density is positive for a ≤ af with
af
a0
=
(
Ωrad,0
|ΩΛ,0|
)1/4
. (106)
The energy density starts from ǫ = +∞ at a = ai = 0,
decreases, and reaches ǫ = 0 at a = af . In the absence of
stiff matter and dust matter (Ωs,0 = Ωm,0 = 0), we get
a
a0
=
(
Ωrad,0
|ΩΛ,0|
)1/4
sin1/2
(
2
√
|ΩΛ,0|H0t
)
, (107)
ǫ
ǫ0
=
|ΩΛ,0|
tan2
(
2
√|ΩΛ,0|H0t) . (108)
At t = 0 the universe starts from a singular state at which
the scale factor a = 0 while the energy density ǫ = +∞.
Between t = 0 and t = t1 where
t1 =
π
4
√|ΩΛ,0|H0 , (109)
the energy density decreases from ǫ = +∞ to ǫ = 0 and
the scale factor increases from a = 0 to a = af . Between
t1 and t2 = 2t1 the energy density increases from ǫ = 0
to ǫ = +∞ and the scale factor decreases from a = af to
a = 0. This process continues periodically with a period
t2.
X. CONCLUSION
In this paper, we have obtained analytical solutions
of the Friedmann equations for a universe undergoing a
primordial stiff matter era. This stiff matter era appears
in the cosmological model of Zel’dovich [1, 2] in which
the universe is made of a cold gas of baryons. It also
appears in certain models of relativistic BECs with a stiff
equation of state [3]. In this paper, we have studied the
evolution of the homogeneous background. For the sake
of generality, we have considered a positive or a negative
energy density of the stiff matter (leading to singular
or non-singular models of universe) and a positive or a
negative value of the cosmological constant (leading to
expanding or oscillating models of universe). In a future
work, we shall consider the evolution of the perturbations
in these models.
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Appendix A: A generalization of the analytical
solutions
We consider a universe containing three non-
interacting fluids, each of them described by a linear
equation of state pi = αiǫi with α1 = α, α2 = (α− 1)/2,
and α3 = −1 (dark energy). Since α1 ≤ 1, we have
α2 ≤ 0. Therefore, the second fluid necessarily has a neg-
ative (or a vanishing) pressure. On the other hand, the
two fluids are either both normal (α1 > −1 and α2 > −1)
or both phantom-like (α1 < −1 and α2 < −1). Some
triplets (α1, α2, α3) of physical interest are (1, 0,−1),
(0,−1/2,−1), (1/3,−1/3,−1), and (−1,−1,−1). The
first case (α1, α2, α3) = (1, 0,−1) corresponds to a uni-
verse made of stiff matter, dust matter, and dark energy
as studied in the main part of this paper. The total en-
ergy density is
ǫ
ǫ0
=
Ωs,0
(a/a0)3(1+α)
+
Ωm,0
(a/a0)
3
2 (1+α)
+ΩΛ,0. (A1)
The Friedmann equation (19) takes the form∫ a/a0
ai/a0
dx
x
√
Ωs,0
x3(1+α)
+
Ωm,0
x
3
2
(1+α)
+ΩΛ,0
= H0t. (A2)
With the change of variables X = x(1+α)/2, we obtain∫ (a/a0)(1+α)/2
(ai/a0)(1+α)/2
dX
X
√
Ωs,0
X6 +
Ωm,0
X3 +ΩΛ,0
=
1 + α
2
H0t,
(A3)
where we recognize the integral in Eq. (32). As a result,
the evolution of the scale factor and of the energy density
of a universe containing three non-interacting fluids with
linear coefficient α1 = α, α2 = (α − 1)/2, and α3 = −1
are given by the equations of the main part of this paper
with the substitutions a/a0 → (a/a0)(1+α)/2 and H0t→
(1 + α)H0t/2.
Appendix B: General polytropic equation of state
In the main part of the paper (see also [3]), we have
considered a polytropic equation of state of index n = 1
(i.e. γ = 2). This is the equation of state that appears in
the model of Zel’dovich [1, 2]. This is also the standard
equation of state of a self-interacting BEC at T = 0 [26].
More generally, we can consider the polytropic equation
of state [5]:
P = Kργ , γ = 1 +
1
n
, (B1)
with arbitrary γ. For example, this equation of state can
be derived from the Gross-Pitaevskii equation
i~
∂ψ
∂t
= − ~
2
2m
∆ψ+m
(
Φ+
Kγ
γ − 1(Nm)
γ−1|ψ|2(γ−1)
)
ψ,
(B2)
for a BEC at T = 0 with an arbitrary nonlinearity [29].
We assume that the universe is filled with a relativistic
fluid at T = 0 described by the polytropic equation of
state (B1). From Eq. (5), we find that the energy density
is related to the rest-mass density by [3, 30]:
ǫ = ρc2 +Kρ ln(ρ/ρ∗), (γ = 1), (B3)
ǫ = ρc2 +
K
γ − 1ρ
γ = ρc2 + nP, (γ 6= 1). (B4)
Combining Eq. (22) and Eqs. (B3) and (B4), we obtain
for γ = 1:
ǫ = ρ0c
2
(a0
a
)3
+Kρ0
(a0
a
)3
ln
[
ρ0
ρ∗
(a0
a
)3]
(B5)
and for γ 6= 1:
ǫ = ρ0c
2
(a0
a
)3
+
K
γ − 1ρ
γ
0
(a0
a
)3γ
. (B6)
When γ > 1 (i.e. n > 0), we find that P ∼ ǫ/n and
ǫ ∼ nKργ ∝ a−3γ in the “early” universe (a small) and
that P ∼ K(ǫ/c2)γ and ǫ ∼ ρc2 ∝ a−3 in the “late”
universe (a large). When γ < 1 (i.e. n < 0), we find that
P ∼ K(ǫ/c2)γ and ǫ ∼ ρc2 ∝ a−3 in the “early” universe
(a small) and that P ∼ ǫ/n and ǫ ∼ nKργ ∝ a−3γ in the
“late” universe (a large).
Introducing appropriate notations, the Friedmann
equation (19) can be written as
H
H0
=
√
Ω′m,0 ln[ρ0(a0/a)
3]
ln ρ0(a/a0)3
+
Ωm,0
(a/a0)3
+ΩΛ,0 (B7)
for γ = 1, and as
H
H0
=
√
Ωγ,0
(a/a0)3γ
+
Ωm,0
(a/a0)3
+ΩΛ,0 (B8)
for γ 6= 1.
For the polytropic equation of state (B1), our treat-
ment shows that the energy density (B6) is the sum of
two terms. An ordinary term ǫm ∝ a−3 equivalent to
dust matter and a new term ǫγ ∝ a−3γ depending on the
polytropic index γ. For γ = 2 (i.e. n = 1), the new term
is equivalent to stiff matter (ǫs ∝ a−6) as discussed in
the main part of the paper. For γ = 0 (i.e. n = −1),
the new term is equivalent to dark energy (ǫΛ ∝ 1), as
already noted in [31, 32] when the pressure is constant
and negative. For γ = 4/3 (i.e. n = 3) the new term
is equivalent to the radiation of an ultra-relativistic gas
(ǫrad ∝ a−4).
More generally, according to Eq. (5), the new term
that appears in the energy equation is equal to the inter-
nal energy
ǫnew = u(ρ) = ρ
∫ ρ
0
P (ρ′)
ρ′2
dρ′. (B9)
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This relation clearly shows that the new term is related
to pressure effects. When P ≃ Cst, corresponding to
γ → 0 in the polytropic model, we suggest that this new
term describes dark energy. Our procedure may be used
to obtain generalized models of dark energy by consid-
ering different expressions of P (ρ). In our approach, we
have a single “dark fluid” described by an equation of
state P (ρ) “unifying” dark matter and dark energy. We
suggest that this dark fluid may be in the form of rel-
ativistic self-interacting BECs at T = 0 although other
possibilities may be contemplated. If we assume that
the energy density ǫnew of the new term is positive (in
agreement with the observations), we conclude from Eq.
(B4) that the pressure must be positive for γ > 1 and
negative for γ < 1. In particular, for the index γ → 0
describing dark energy, the pressure must be negative.
In the BEC interpretation, the pressure is negative when
the self-interaction is attractive (K < 0). This may jus-
tify equations of state with negative pressure (such as the
equation of state of dark energy) as already suggested in
[29].
It may also be relevant to consider the logotropic equa-
tion of state [33, 34]:
P = A ln(ρ/ρ∗), (B10)
which can be viewed as the limiting form of a polytrope of
index γ → 0 (n → −1) with K → ∞ such that A = Kγ
is finite [34]. In the case of BECs, using the general
relations of Ref. [29], this equation of state can be derived
from a Gross-Pitaevskii equation of the form
i~
∂ψ
∂t
= − ~
2
2m
∆ψ +m
(
Φ− A
Nm|ψ|2
)
ψ, (B11)
i.e. with the exponent −2 (inverted potential) instead of
+2 in the usual Gross-Pitaevskii equation. This equation
can also be obtained as the limiting form of Eq. (B2)
when γ → 0 and K → ∞ with A = Kγ finite. For the
logotropic equation of state (B10), the energy relation
(5) becomes
ǫ = ρc2 −A ln
(
ρ
ρ∗
)
−A. (B12)
Combining Eq. (22) and Eq. (B12), we obtain
ǫ = ρ0c
2
(a0
a
)3
−A ln
[
ρ0
ρ∗
(a0
a
)3]
−A. (B13)
For a → +∞, we get ǫ ∼ 3A ln a. Integrating the
Friedmann equation (19) we obtain the “super de-Sitter”
asymptotic behavior
a ∝ e 2piGAc2 t2 , (t→ +∞). (B14)
This model will be studied in more detail in a specific
paper.
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